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WA Web Appendix

WA.1 Regrouped Expressions

N=IT='®'Jne' JrF has a generic element that can be written

N1 Z @i(ma)Fi(ma)eq
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N-1T-1/2®' J ye' Jrw has a generic element that can be written
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N-1T-1/2®J ye'Jrn has a generic element that can be written
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N-YT=32F" JreJ ye' JrF has a generic element that can be written

N’lT*P’/QZFs(m1)€is€itFt(m2)
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N-IT-1/2F'JreJ ye; has a generic element that can be written
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N-'T-3/2y JpeJ ye' JrF has a generic element that can be written

7-1/2 | y-1p-1 Z Fy(m)eiscitNesn

i,8,t
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WA.2 plim of 3
By =N2T3Z'Jr XInX'JrXJInX'JrZ can be written

N?T%3, = AF' JrF®' JN®F Jp F®' JN®F JpFA + AF JpF® Jy®F Jr F®' Jy®F Jpw
+AF' JpF® INnOF JpF®' Iye' JpFAN + AF JrF® INSF JrF®' Jye' Jrw
+ AF' JpF® Ine' TJpeJ NOF' JrFA + AF Jp F®' Jne' Jpe NOF Jrw
+AF' JrF®' Jne' Jredne' JrFA + AF' Jp F®' Jye' Jred ye' Jrw
+AF' JrF®' IN®F JreJn®F' JrFA + AF' JrF®' JNy®F JreJ yOF Jrw
+AF' JpF®' INnOF Jredne' JrFA + AF Jp F® Jn®F Jred ve' Jrw
+ AF' JpF®' Ine' T F®' INOF JpFA + AF Jr F®' Jne' Jr FO® NP F Jrw
+AF' JrF® Jne' JrF® Jne' JrFA + AF Jp F®' Jne' Jp F® Jye' Jrw
+ W I F® INOF Jr F® INPF JrFA + W0 Jp F®' INnOF Jr F® INSF Jrw
+ W I F® INPF JrF® Jne' JrFAN + W' Jp F® INOF Jp F®' Jne' Jpw
+ W I F®' Ine' TreJn®F' JrFA + W' JrF® Ine' Jre y®F Jpw
+ W' I F® Jye'TJredye' JrFA + W' Jp F®' Jne' Jred ye' Jrw
+ W I F®' INPF JreJn®F' JpFA + W Jr F® INOF Jped NOF Jrw
+ W I F®' INOF JreJne' JrFA + W' Jp F® INSF Jred ne' Jpw
+ W I F® Ine' Jr F®' JNn®F JrFA + W' Jr F® Jne' JrF® Jy®F Jrw
+ W I F® Jne' T F®' Ine' JpFA + W' Jr F®' Jne Jr F®' Jye' Jrw
+AF' JreJN®F JpF®' JN®F' JpFA + AF JreJy®F Jp F® INOF Jrw
+ AF JreJN®F' Jp F® Jne' JrFA + AF JpeJ yNOF' Jp F®' Jne' Jrw
+AF' JreJne JreJn®F JrFA + AF Jredne' JreJ v ®F Jrw
+AF Jpedne' TJredne' JrFA + AF Jped ne' Jred ye' Jrw
+AF' JreJy®F Jre NOF JrFA + AF' JpeJ NOF Jre NOF Jrw
+ AF' JreJy®F Jredye' JpFAN + AF JreJn®F Jred ve' Jrw
+AF' JreJne JrF® INnBF' JrFA + AF JreJ e Jr F®' In®F Jrw
+ AF Jredne' JrF®' Ine' JrFAN + AF JreJye' Jp F®' Jye' Jrw
+ W TreJNOF' Jp F® INOF' JpFA + W' Jre NOF Jr FO® INBF Jrw
+ W' TreJNOF JrF®' Jye' JrFA + W' Jred y®F Jp F®' Jye' Jrw
+w'IreJne' Jre NOF' JrFA + W' Jpedye' JreJ n®F Jrw
+w' Iredne' Jredye' I FA + W' Jred e’ Jped ye' Jrw
+ W TreJNOF' JpeJ NOF' JrFAN + W' JpeJ NOF Jpe NOF Jrw
+ W IreJnOF Jredye' JrFA + &' JreJ N®F Jred ye' Jpw
+ ' IJreJne' Jr F® INPF JrFA + W' JreJne' Jr F®' Iy F Jrw
+w'JreJne' Jp F®' Inye' JrFA + W' Jred ne' Jr F® Jne' Jrw.

By=N"T"2Z'JrXJnX'Jry can be written

NT?B, = AF' JpF&' Jy®F J1FB + AF JpF® Jy®F Jrm + AF JrF® Jye' JrFB + AF J1F&' Jye' Jrn
+ W I F® INPF JrFB + W I F® IN®F I+ W' JrF®' Jne' JrFB + W' Jr F®' Jne' Jrn
+AF JreJNn®F JrFB3+AF JreJy®F Jrn+ AF Jredne' JpFB + AF Jred ne' Jrn
+ W' IJreJNPFIrFB+ W' JreJ y®FIrn + W' Jred e’ JrFB + W' Jred ne' T .

In the expression for N2T° Bg we see the following terms, whose probability limits we show:
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Lemma Web Let Assumptions 1-4 hold. Then we have the following as N,T — oo:
1. N2T71®' Jne'TreJn® = O, (T~ V/2541) 4. N2T3F JreJye' JreJne' JrF =
O, (T~057)
5. N72T73F,JTETJNET'JTE?JNE'JTw =
O,(T~'037)
3. N72T72®' Jye'Jredne' Jrw = O,(N"Y25%) 6. N72T 3w Jredne' Jred ye'Jrw =
0,(T~'357)

2. N72T72®'Jye'Jredne' JrF = O,(N~V25%)

Proof:
First, we note that the argument for N~'7~Y/23". F (m)e;se; in Lemma 1 can be adapted to show that

NTYPTEN " gi(m)eine i = Op(65T)
i,t

by using Assumption 2.2.

Item 1 is K x K with generic (mq,mso) element

NPT Z ¢i(ma)euejips(mg) — N>~ Z ¢i(ma)eiejedr(mz)

©,7,t ©,5,k,t

— NPT N gi(ma)ejiendn(me) + NTIT7H D" ¢i(ma )ejienedi(mo)
©,5,k,t i,7,k,,t

— NPT N gi(ma)eisgjedi(me) + N72T72 Y gi(ma)eiaejedn(ma)
©,5,8,t i,5,k,s,t

FNTT2 N i(ma)ejecmbr(me) — N2 )" ¢i(ma)ejseredi(ma)
i,5,k,s,t i,5,k,0l,s,t

1.I—--.—1.VIIL

Adapting the argument for N~'T—3/2F' JpeJ ye'JpF in Lemma 2, we have that: 1.Tis O,(N~!); LIL-IV
are O,(N~Y2535); 1.V is Op(N~1); 1.VI-VII are O,(N~'T71/2); and 1.VIIT is O,(N~3/27~%/2). Summing
we have that Item 1 is O,(N~Y/251).



Item 2 is K x K with generic (mq,mz) element

N72T72 Y7 gj(ma)ejicucisFa(ma) = N72T72 " ¢i(ma)ejucinsinFa(ms)

4,,8,t 4,7,8,t,u

— N73772 Z br(mi)epejicis Fs(me) + N 73773 Z O (m)eguejucicFs(mo)
i,5,k,8,t i,5,k,s,tu

— N_QT_S Z ¢j (ml)ajusiteist (mg) + N_QT_4 Z ¢j (ml)gjvgiugith (m2)
i,5,8,t,u ,7,8,t,u,v

+NTT™3 N g(m)epuejicisFa(me) = N3 3" gp(ma)eruejucinFa(ms)
i,9,k,8,t,u i,5,k,s,tu,v

— N3772 Z br(m1)ejteincis Fs(ma) + N73T73 Z br(m1)ejuciuit Fs(ma)
i,5,k,s,t i,7,k,s,t,u

+ N2 Z d1(ma)ereejicisFs(mg) — N~*T 72 Z d1(ma)epucjucinFs(me)
i,5,k,1,8,t 1,4,k,0s,tu

+ N73773 Z dr(mi)ejucireis Fs(ma) — N 73T Z dr(m1)ejueineaLs(ms)
i,9,k,8,t,u i,5,k,s,t,u,v

— N3 Z ¢l(m1)5ku5jt€ist (m2) + N4 Z ¢l(m1)5k1)5ju5ith (mQ)
i,5,k,l,s,t,u i,7,k,l,s,t,u,v

21— —2XVL

2.1 is bounded by
1/2

1/2
N2 (N Z[meTil‘sNT Z ¢;(m1)ejici)? T2 <N1 Z[Tfl Z Es(m2)Ft(m2)5is€it]2>

J,t s,t
Both objects within brackets are Op(1), therefore both objects within parentheses are Op(1) and it follows
that 2.1is O,(N~Y/2T=1/251).
2.11 is bounded by

1/2

N7V | NP OINTY2T S50 > " gi(ma)ejuein)® | T2 <N‘1Z[T‘3 > Fs(mg)Ft(mg)Emsw]>

Ju s,t,u,v

Both objects within brackets are O, (1), therefore both objects within parentheses are O, (1) and it follows
that 211 is O, (N/2T-1/25 12,

2.III can be written

N_l/Q(SXJ% Nt Z[N_l/ZT_l(SNT Z (bk(ml)sktajt] (N_l Z[T_l Z Fs(m2)5i3]>
J A s

k.t
Both objects with brackets are O,(1), therefore both objects within parentheses are O,(1) and it follows
that 2.IIT is O, (N ~Y/251).

Notice that in every item in Lemma 2 and Item 1 here, the generic element’s first, second or third term has
dictated the stochastic order of the entire item. In the interest of space, we note that this fact is true here
and therefore state that terms 2.I11-2.X VT are of no larger order than 2.ITI. Thus Ttem 2 is O,(N~'/255%).

Item 3 is K x M and follows from the above arguments by substituting ws(ms) for Fs(ms).



Item 4 is K x K with generic (mq,m2) element

N—2773 Z Fu(mi)ejucjtcincisFs(me) — N2T~* Z Fy(m1)ejigjucivcinFs(ma)

1,7,8,t,u %,7,8,t,u,v

— N73773 Z Fu(ml)akugktgjtgist (m2) + N3 Z F, (ml)akvskusjuaith (m2)
i,7,k,s,t,u i,5,k,s,t,u,v

—~ N7 Z Fy(m1)ejuejucitcisFs(ma) — N72T7° Z Fy(m1)ejuwejueincitFs(msa)
%,7,8,t,u,v 1,7,8,t,u,v,w

+ N3 T Z Fv(ml)gkvskusjteisEs(mZ) —~ N0 Z Fw(ml)skwgkvsjueitE‘;(mQ)
i,7,k,s,t,u,v i,5,k,s,t,u,v,w

~ N73T773 Z Fu(my)eruejicireisFs(ma) + N73T4 Z Fy(m1)ervejuciv€itFs(ma)
i,7,k,s,t,u i,7,k,s,t,u,v

H NN Fu(mi)ewemejcisFa(me) = N4 >~ Fy(ma)enerusjui Fs(ma)
1,5,k,0,8,tu 4,9,k 8,t,u,v

+NTPT N Fy(m)ertkuiuinFa(me) = NT5T™ 3" Fyy(m)erwejveincinFa(ms)
i,5,k,8,t,u,v 1,3,k,8,t,u,v,w

— N~ Z Fy(my)eneruejicisFs(me) + N~4T 75 Z Fy(mi)eiweroejucic Fs(ma)
i,5,k,l,8,tu,0 1,5,k,0,8,t,u,0,w

A A Z Fy(mi)ejucjicireisFs(ma) + N72T75 Z Fyy(my)ejuejuciveicFs(ma)
,5,8,t,u,v 4,7,8,t,u,v,w

+NTT N Bo(m)erusmejcisFa(me) = N7°T7° >~ Fy(ma)eperucjuiFs(my)
i,5,k,8,t,u,v 1,5,k,8,t,u,v,w

+NT2TP Y Fy(mi)ejuejucacisFs(ma) = N72T75 N~ Fy(m)gjujucinginFs(ma)
,5,8,t,u,0,w 4,7,8,,u,v,w,x

— NPT N Fy(mi)ersruiicisFa(me) + N2T70 3" Fy(ma)erwerojusinFs(ms)
i,5,k,8,t,u,0,w 1,5,k,8,t,u,v,w,T

FNT2T N Fo(m)emejucacisFs(m) = NT°T™ N~ Fy(ma)ervejuciucinFs(ms)
i,5,k,8,t,u,0 i,5,k,8,t,u,0,w

- N_4T_4 Z Fv(ml)glugktgjtgist(m2) + N_4T_5 Z Fw (ml)glvgkugjugith(m2)
i,5,k,0l,8,tu,v 1,5,k,0,8,t,u,0,w

— N7377° Z Fy, (ml)fkv€ju5it€ist(m2) +N376 Z Fx(ml)gkwfjvgiugith (ma2)
i,7,k,s,t,u,v,w i,5,k,s,t,u,v,w,x

+ N_4T_5 Z Fw(ml)glvekuajtgist(mQ) - N_4T_6 Z Fw(ml)elwekvgjueith(mQ)
i,9,,k,0,8,t,u,v,w i,7,k,l,s,t,u,v,w,x

=4I+ —4.XXXIL

4.1 is bounded by

1/2 1/2

T715R,%ﬂ 71 Z[NﬁlTil/Z(;NT Z Fu(ml)ejugjtP 71 Z[NﬁlTil/ZaNT Z E‘;(mz)e’:‘is&t]z
t

Jiu t i,8

Both objects within brackets are Op(1), therefore both objects within parentheses are Op(1) and it follows
that 4.1 is O, (T 15y7).

411 can be written

N7t (T‘lev(m1)> NT'T™E N ejiejucicin (T—les(m1)>
v S

(VAR



All objects within parentheses are O,(1), the second one because the expectation of its absolute value is
finite by Assumption 2 and the triangle inequality. It follows that 4.I1T is O, (N 1T~

4.11T is bounded by
1/2 1/2
NPT (T OINTYEY e TS INTITTV250 Y Fu(ma)ersend]?
t j

t k,u
<N1 Z[T*W > Fs(m2)5i3]>

All objects within brackets are O, (1), therefore all objects within parentheses are O,(1) and it follows that
411 is O,(N~Y2T=151.). These terms dictate the item’s order, and therefore Ttem 4 is O, (T~ 15 y7).

Ttem 5 is K x M and follows from the above arguments by substituting w;(mz) for F;(ms); Item 6 is M x M
and follows from Item 5 by substituting w,(my) for Fs(mq).

QED
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