
June 20, 2011

WA Web Appendix

WA.1 Regrouped Expressions

N−1T−1Φ′JNε
′JTF has a generic element that can be written

N−1T−1
∑
i,t

φi(m1)Ft(m2)εit

− T−1/2

(
N−1

∑
i

φi(m1)

)N−1
∑

j

T−1/2
∑

t

Ft(m2)εjt


− T−1/2

(
T−1

∑
s

Fs(m2)

)N−1
∑

j

T−1/2
∑

t

φj(m1)εjt


+N−1/2T−1/2

(
T−1

∑
s

Fs(m2)

)(
N−1

∑
i

φi(m1)

)N−1/2T−1/2
∑
j,t

εjt

 .

N−1T−1/2Φ′JNε
′JTω has a generic element that can be written

N−1T−1/2
∑
i,t

φi(m1)ωt(m2)εit

−

(
N−1

∑
i

φi(m1)

)N−1
∑

j

T−1/2
∑

t

ωt(m2)εjt


−

(
T−1

∑
s

ωs(m2)

)N−1T−1/2
∑
j,t

φj(m1)εjt


+N−1/2T−1/2

(
T−1/2

∑
s

ωs(m2)

)(
N−1

∑
i

φi(m1)

)N−1/2T−1/2
∑
j,t

εjt

 .

N−1T−1/2ΦJNε
′JTη has a generic element that can be written

N−1T−1/2
∑
i,t

φi(m)εitηt+h

−N−1/2

(
T−1

∑
t

N−1/2
∑

i

φi(m)εit

)(
T−1/2

∑
s

ηs+h

)

−N−1/2

(
N−1

∑
i

φi(m)

)N−1/2T−1/2
∑
jt

εjtηt+h


+N−1/2T−1/2

(
N−1

∑
i

φi(m)

)N−1/2T−1/2
∑
j,t

εjt

(T−1/2
∑

s

ηs+h

)
.
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N−1T−3/2F ′JTεJNε
′JTF has a generic element that can be written

N−1T−3/2
∑
i,s,t

Fs(m1)εisεitFt(m2)

−

T−1
∑

t

N−1T−1/2
∑
i,s

Fs(m1)εisεit

(T−1
∑

u

Fu(m2)

)

−

(
T−1

∑
s

Fs(m1)

)T−1
∑

t

N−1T−1/2
∑
i,u

εitεiuFu(m2)


+

(
T−1

∑
s

Fs(m1)

)T−1
∑

u

N−1T−1/2
∑
i,t

εitεiu

(T−1
∑

v

Fv(m2)

)

− T−1/2

(
N−1

∑
i

T−1/2
∑

s

Fs(m1)εis

)N−1
∑

j

T−1/2
∑

t

εjtFt(m2)


+N−1/2T−1/2

(
N−1

∑
i

T−1/2
∑

s

Fs(m1)εis

)N−1/2T−1/2
∑
j,t

εjt

(T−1
∑

u

Fu(m2)

)

+N−1/2T−1/2

(
T−1

∑
s

Fs(m1)

)N−1/2T−1/2
∑
i,t

εit

N−1
∑

j

T−1/2
∑

u

εjuFu(m2)


−N−1T−1/2

(
T−1

∑
s

Fs(m1)

)N−1/2T−1/2
∑
i,t

εit

N−1/2T−1/2
∑
j,u

εju

(T−1
∑

v

Fv(m2)

)
.

N−1T−1/2F ′JTεJNεt has a generic element that can be written

N−1T−1/2
∑
i,s

Fs(m)εisεit

−N−1/2

(
N−1

∑
i

T−1/2
∑

s

Fs(m)εis

)N−1/2
∑

j

εjt


−

(
T−1

∑
s

Fs(m)

)N−1T−1/2
∑
i,u

εiuεit


N−1

(
T−1

∑
s

Fs(m)

)N−1/2T−1/2
∑
i,u

εiu

N−1/2
∑

j

εjt

 .
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N−1T−3/2η′JTεJNε
′JTF has a generic element that can be written

T−1/2

N−1T−1
∑
i,s,t

Fs(m)εisεitηt+h


− T−1/2

T−1
∑

t

N−1T−1/2
∑
i,s

Fs(m)εisεit

(T−1/2
∑

u

ηu+h

)

−

(
T−1

∑
s

Fs(m)

)N−1T−3/2
∑
i,t,u

εitεiuηu+h


+ T−1/2

(
T−1

∑
s

Fs(m)

)T−1
∑

u

N−1T−1/2
∑
i,t

εitεiu

(T−1/2
∑

v

ηv+h

)

−N−1/2T−1/2

(
N−1

∑
i

T−1/2
∑

s

Fs(m)εis

)N−1/2T−1/2
∑
t,j

εjtηt+h


+N−1/2T−1

(
N−1

∑
i

T−1/2
∑

s

Fs(m)εis

)N−1/2T−1/2
∑
j,t

εjt

(T−1/2
∑

u

ηu+h

)

+N−1T−1/2

(
T−1

∑
s

Fs(m)

)N−1/2T−1/2
∑
i,t

εit

N−1/2T−1/2
∑
j,u

εjuηu+h


−N−1T−1/2

(
T−1

∑
s

Fs(m)

)N−1/2T−1/2
∑
i,t

εit

N−1/2T−1/2
∑
j,u

εju

(T−1
∑

v

ηv+h

)
.

3



WA.2 plim of β̂

β̂3 = N−2T−3Z ′JTXJNX
′JTXJNX

′JTZ can be written

N2T 3β̂3 = ΛF ′JTFΦ′JNΦF ′JTFΦ′JNΦF ′JTFΛ′ + ΛF ′JTFΦ′JNΦF ′JTFΦ′JNΦF ′JTω

+ ΛF ′JTFΦ′JNΦF ′JTFΦ′JNε
′JTFΛ′ + ΛF ′JTFΦ′JNΦF ′JTFΦ′JNε

′JTω

+ ΛF ′JTFΦ′JNε
′JTεJNΦF ′JTFΛ′ + ΛF ′JTFΦ′JNε

′JTεJNΦF ′JTω

+ ΛF ′JTFΦ′JNε
′JTεJNε

′JTFΛ′ + ΛF ′JTFΦ′JNε
′JTεJNε

′JTω

+ ΛF ′JTFΦ′JNΦF ′JTεJNΦF ′JTFΛ′ + ΛF ′JTFΦ′JNΦF ′JTεJNΦF ′JTω

+ ΛF ′JTFΦ′JNΦF ′JTεJNε
′JTFΛ′ + ΛF ′JTFΦ′JNΦF ′JTεJNε

′JTω

+ ΛF ′JTFΦ′JNε
′JTFΦ′JNΦF ′JTFΛ′ + ΛF ′JTFΦ′JNε

′JTFΦ′JNΦF ′JTω

+ ΛF ′JTFΦ′JNε
′JTFΦ′JNε

′JTFΛ′ + ΛF ′JTFΦ′JNε
′JTFΦ′JNε

′JTω

+ ω′JTFΦ′JNΦF ′JTFΦ′JNΦF ′JTFΛ′ + ω′JTFΦ′JNΦF ′JTFΦ′JNΦF ′JTω

+ ω′JTFΦ′JNΦF ′JTFΦ′JNε
′JTFΛ′ + ω′JTFΦ′JNΦF ′JTFΦ′JNε

′JTω

+ ω′JTFΦ′JNε
′JTεJNΦF ′JTFΛ′ + ω′JTFΦ′JNε

′JTεJNΦF ′JTω

+ ω′JTFΦ′JNε
′JTεJNε

′JTFΛ′ + ω′JTFΦ′JNε
′JTεJNε

′JTω

+ ω′JTFΦ′JNΦF ′JTεJNΦF ′JTFΛ′ + ω′JTFΦ′JNΦF ′JTεJNΦF ′JTω

+ ω′JTFΦ′JNΦF ′JTεJNε
′JTFΛ′ + ω′JTFΦ′JNΦF ′JTεJNε

′JTω

+ ω′JTFΦ′JNε
′JTFΦ′JNΦF ′JTFΛ′ + ω′JTFΦ′JNε

′JTFΦ′JNΦF ′JTω

+ ω′JTFΦ′JNε
′JTFΦ′JNε

′JTFΛ′ + ω′JTFΦ′JNε
′JTFΦ′JNε

′JTω

+ ΛF ′JTεJNΦF ′JTFΦ′JNΦF ′JTFΛ′ + ΛF ′JTεJNΦF ′JTFΦ′JNΦF ′JTω

+ ΛF ′JTεJNΦF ′JTFΦ′JNε
′JTFΛ′ + ΛF ′JTεJNΦF ′JTFΦ′JNε

′JTω

+ ΛF ′JTεJNε
′JTεJNΦF ′JTFΛ′ + ΛF ′JTεJNε

′JTεJNΦF ′JTω

+ ΛF ′JTεJNε
′JTεJNε

′JTFΛ′ + ΛF ′JTεJNε
′JTεJNε

′JTω

+ ΛF ′JTεJNΦF ′JTεJNΦF ′JTFΛ′ + ΛF ′JTεJNΦF ′JTεJNΦF ′JTω

+ ΛF ′JTεJNΦF ′JTεJNε
′JTFΛ′ + ΛF ′JTεJNΦF ′JTεJNε

′JTω

+ ΛF ′JTεJNε
′JTFΦ′JNΦF ′JTFΛ′ + ΛF ′JTεJNε

′JTFΦ′JNΦF ′JTω

+ ΛF ′JTεJNε
′JTFΦ′JNε

′JTFΛ′ + ΛF ′JTεJNε
′JTFΦ′JNε

′JTω

+ ω′JTεJNΦF ′JTFΦ′JNΦF ′JTFΛ′ + ω′JTεJNΦF ′JTFΦ′JNΦF ′JTω

+ ω′JTεJNΦF ′JTFΦ′JNε
′JTFΛ′ + ω′JTεJNΦF ′JTFΦ′JNε

′JTω

+ ω′JTεJNε
′JTεJNΦF ′JTFΛ′ + ω′JTεJNε

′JTεJNΦF ′JTω

+ ω′JTεJNε
′JTεJNε

′JTFΛ′ + ω′JTεJNε
′JTεJNε

′JTω

+ ω′JTεJNΦF ′JTεJNΦF ′JTFΛ′ + ω′JTεJNΦF ′JTεJNΦF ′JTω

+ ω′JTεJNΦF ′JTεJNε
′JTFΛ′ + ω′JTεJNΦF ′JTεJNε

′JTω

+ ω′JTεJNε
′JTFΦ′JNΦF ′JTFΛ′ + ω′JTεJNε

′JTFΦ′JNΦF ′JTω

+ ω′JTεJNε
′JTFΦ′JNε

′JTFΛ′ + ω′JTεJNε
′JTFΦ′JNε

′JTω.

β̂4 = N−1T−2Z ′JTXJNX
′JTy can be written

NT 2β̂4 = ΛF ′JTFΦ′JNΦF ′JTFβ + ΛF ′JTFΦ′JNΦF ′JTη + ΛF ′JTFΦ′JNε
′JTFβ + ΛF ′JTFΦ′JNε

′JTη

+ ω′JTFΦ′JNΦF ′JTFβ + ω′JTFΦ′JNΦF ′JTη + ω′JTFΦ′JNε
′JTFβ + ω′JTFΦ′JNε

′JTη

+ ΛF ′JTεJNΦF ′JTFβ + ΛF ′JTεJNΦF ′JTη + ΛF ′JTεJNε
′JTFβ + ΛF ′JTεJNε

′JTη

+ ω′JTεJNΦFJTFβ + ω′JTεJNΦFJTη + ω′JTεJNε
′JTFβ + ω′JTεJNε

′JTη.

In the expression for N2T 3β̂3 we see the following terms, whose probability limits we show:
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Lemma Web Let Assumptions 1-4 hold. Then we have the following as N,T →∞:

1. N−2T−1Φ′JNε
′JTεJNΦ = Op(T−1/2δ−1

NT )

2. N−2T−2Φ′JNε
′JTεJNε

′JTF = Op(N−1/2δ−1
NT )

3. N−2T−2Φ′JNε
′JTεJNε

′JTω = Op(N−1/2δ−1
NT )

4. N−2T−3F ′JTεJNε
′JTεJNε

′JTF =
Op(T−1δ−2

NT )

5. N−2T−3F ′JTεJNε
′JTεJNε

′JTω =
Op(T−1δ−2

NT )

6. N−2T−3ω′JTεJNε
′JTεJNε

′JTω =
Op(T−1δ−2

NT )

Proof :

First, we note that the argument for N−1T−1/2
∑

i,s Fs(m)εisεit in Lemma 1 can be adapted to show that

N−1/2T−1
∑
i,t

φi(m)εitεjt = Op(δ−1
NT )

by using Assumption 2.2.

Item 1 is K ×K with generic (m1,m2) element

N−2T−1
∑
i,j,t

φi(m1)εitεjtφj(m2)−N−3T−1
∑

i,j,k,t

φi(m1)εitεjtφk(m2)

−N−3T−1
∑

i,j,k,t

φi(m1)εjtεktφk(m2) +N−4T−1
∑

i,j,k,l,t

φi(m1)εjtεktφl(m2)

−N−2T−2
∑

i,j,s,t

φi(m1)εisεjtφj(m2) +N−3T−2
∑

i,j,k,s,t

φi(m1)εisεjtφk(m2)

+N−3T−2
∑

i,j,k,s,t

φi(m1)εjsεktφk(m2)−N−4T−2
∑

i,j,k,l,s,t

φi(m1)εjsεktφl(m2)

1.I− · · · − 1.VIII.

Adapting the argument for N−1T−3/2F ′JTεJNε
′JTF in Lemma 2, we have that: 1.I is Op(N−1); 1.II-IV

are Op(N−1/2δ−1
NT ); 1.V is Op(N−1); 1.VI-VII are Op(N−1T−1/2); and 1.VIII is Op(N−3/2T−1/2). Summing

we have that Item 1 is Op(N−1/2δ−1
NT ).
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Item 2 is K ×K with generic (m1,m2) element

N−2T−2
∑

i,j,s,t

φj(m1)εjtεitεisFs(m2)−N−2T−3
∑

i,j,s,t,u

φj(m1)εjuεiuεitFs(m2)

−N−3T−2
∑

i,j,k,s,t

φk(m1)εktεjtεisFs(m2) +N−3T−3
∑

i,j,k,s,t,u

φk(m1)εkuεjuεitFs(m2)

−N−2T−3
∑

i,j,s,t,u

φj(m1)εjuεitεisFs(m2) +N−2T−4
∑

i,j,s,t,u,v

φj(m1)εjvεiuεitFs(m2)

+N−3T−3
∑

i,j,k,s,t,u

φk(m1)εkuεjtεisFs(m2)−N−3T−4
∑

i,j,k,s,t,u,v

φk(m1)εkvεjuεitFs(m2)

−N−3T−2
∑

i,j,k,s,t

φk(m1)εjtεitεisFs(m2) +N−3T−3
∑

i,j,k,s,t,u

φk(m1)εjuεiuεitFs(m2)

+N−4T−2
∑

i,j,k,l,s,t

φl(m1)εktεjtεisFs(m2)−N−4T−3
∑

i,j,k,l,s,t,u

φl(m1)εkuεjuεitFs(m2)

+N−3T−3
∑

i,j,k,s,t,u

φk(m1)εjuεitεisFs(m2)−N−3T−4
∑

i,j,k,s,t,u,v

φk(m1)εjvεiuεitFs(m2)

−N−4T−3
∑

i,j,k,l,s,t,u

φl(m1)εkuεjtεisFs(m2) +N−4T−4
∑

i,j,k,l,s,t,u,v

φl(m1)εkvεjuεitFs(m2)

2.I− · · · − 2.XVI.

2.I is bounded by

N−1/2δ−1
NT

N−1
∑

i

[N−1/2T−1δNT

∑
j,t

φj(m1)εjtεit]2

1/2

T−1/2

(
N−1

∑
i

[T−1
∑
s,t

Fs(m2)Ft(m2)εisεit]2
)1/2

Both objects within brackets are Op(1), therefore both objects within parentheses are Op(1) and it follows
that 2.I is Op(N−1/2T−1/2δ−1

NT ).

2.II is bounded by

N−1/2δ−1
NT

N−1
∑

i

[N−1/2T−1δNT

∑
j,u

φj(m1)εjuεiu]2

1/2

T−1/2

(
N−1

∑
i

[T−3
∑

s,t,u,v

Fs(m2)Ft(m2)εiuεiv]

)

Both objects within brackets are Op(1), therefore both objects within parentheses are Op(1) and it follows
that 2.II is Op(N1/2T−1/2δ

−1/2
NT ).

2.III can be written

N−1/2δ−1
NT

N−1
∑

j

[N−1/2T−1δNT

∑
k,t

φk(m1)εktεjt]

(N−1
∑

i

[T−1
∑

s

Fs(m2)εis]

)

Both objects with brackets are Op(1), therefore both objects within parentheses are Op(1) and it follows
that 2.III is Op(N−1/2δ−1

NT ).

Notice that in every item in Lemma 2 and Item 1 here, the generic element’s first, second or third term has
dictated the stochastic order of the entire item. In the interest of space, we note that this fact is true here
and therefore state that terms 2.III-2.XVI are of no larger order than 2.III. Thus Item 2 is Op(N−1/2δ−1

NT ).

Item 3 is K ×M and follows from the above arguments by substituting ws(m2) for Fs(m2).
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Item 4 is K ×K with generic (m1,m2) element

N−2T−3
∑

i,j,s,t,u

Fu(m1)εjuεjtεitεisFs(m2)−N−2T−4
∑

i,j,s,t,u,v

Fv(m1)εjtεjuεiuεitFs(m2)

−N−3T−3
∑

i,j,k,s,t,u

Fu(m1)εkuεktεjtεisFs(m2) +N−3T−4
∑

i,j,k,s,t,u,v

Fv(m1)εkvεkuεjuεitFs(m2)

−N−2T−4
∑

i,j,s,t,u,v

Fv(m1)εjvεjuεitεisFs(m2)−N−2T−5
∑

i,j,s,t,u,v,w

Fw(m1)εjwεjvεiuεitFs(m2)

+N−3T−4
∑

i,j,k,s,t,u,v

Fv(m1)εkvεkuεjtεisFs(m2)−N−2T−5
∑

i,j,k,s,t,u,v,w

Fw(m1)εkwεkvεjuεitFs(m2)

−N−3T−3
∑

i,j,k,s,t,u

Fu(m1)εkuεjtεitεisFs(m2) +N−3T−4
∑

i,j,k,s,t,u,v

Fv(m1)εkvεjuεiuεitFs(m2)

+N−4T−3
∑

i,j,k,l,s,t,u

Fu(m1)εluεktεjtεisFs(m2)−N−4T−4
∑

i,j,k,l,s,t,u,v

Fv(m1)εlvεkuεjuεitFs(m2)

+N−3T−4
∑

i,j,k,s,t,u,v

Fv(m1)εkvεkuεjuεitFs(m2)−N−3T−5
∑

i,j,k,s,t,u,v,w

Fw(m1)εkwεjvεiuεitFs(m2)

−N−4T−4
∑

i,j,k,l,s,t,u,v

Fv(m1)εlvεkuεjtεisFs(m2) +N−4T−5
∑

i,j,k,l,s,t,u,v,w

Fw(m1)εlwεkvεjuεitFs(m2)

−N−2T−4
∑

i,j,s,t,u,v

Fv(m1)εjuεjtεitεisFs(m2) +N−2T−5
∑

i,j,s,t,u,v,w

Fw(m1)εjvεjuεiuεitFs(m2)

+N−3T−4
∑

i,j,k,s,t,u,v

Fv(m1)εkuεktεjtεisFs(m2)−N−3T−5
∑

i,j,k,s,t,u,v,w

Fw(m1)εkvεkuεjuεitFs(m2)

+N−2T−5
∑

i,j,s,t,u,v,w

Fw(m1)εjvεjuεitεisFs(m2)−N−2T−6
∑

i,j,s,t,u,v,w,x

Fx(m1)εjwεjvεiuεitFs(m2)

−N−3T−5
∑

i,j,k,s,t,u,v,w

Fw(m1)εkvεkuεjtεisFs(m2) +N−3T−6
∑

i,j,k,s,t,u,v,w,x

Fx(m1)εkwεkvεjuεitFs(m2)

+N−2T−4
∑

i,j,k,s,t,u,v

Fv(m1)εkvεjuεitεisFs(m2)−N−3T−5
∑

i,j,k,s,t,u,v,w

Fw(m1)εkvεjuεiuεitFs(m2)

−N−4T−4
∑

i,j,k,l,s,t,u,v

Fv(m1)εluεktεjtεisFs(m2) +N−4T−5
∑

i,j,k,l,s,t,u,v,w

Fw(m1)εlvεkuεjuεitFs(m2)

−N−3T−5
∑

i,j,k,s,t,u,v,w

Fw(m1)εkvεjuεitεisFs(m2) +N−3T−6
∑

i,j,k,s,t,u,v,w,x

Fx(m1)εkwεjvεiuεitFs(m2)

+N−4T−5
∑

i,j,,k,l,s,t,u,v,w

Fw(m1)εlvεkuεjtεisFs(m2)−N−4T−6
∑

i,j,k,l,s,t,u,v,w,x

Fx(m1)εlwεkvεjuεitFs(m2)

= 4.I + · · · − 4.XXXII.

4.I is bounded by

T−1δ−2
NT

T−1
∑

t

[N−1T−1/2δNT

∑
j,u

Fu(m1)εjuεjt]2

1/2T−1
∑

t

[N−1T−1/2δNT

∑
i,s

Fs(m2)εisεit]2

1/2

Both objects within brackets are Op(1), therefore both objects within parentheses are Op(1) and it follows
that 4.I is Op(T−1δ−2

NT ).

4.II can be written

N−1T−1

(
T−1

∑
v

Fv(m1)

)N−1T−1
∑

i,j,t,u

εjtεjuεiuεit

(T−1
∑

s

Fs(m1)

)
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All objects within parentheses are Op(1), the second one because the expectation of its absolute value is
finite by Assumption 2 and the triangle inequality. It follows that 4.II is Op(N−1T−1.

4.III is bounded by

N−1/2T−1δ−1
NT

T−1
∑

t

[N−1/2
∑

j

εjt]2

1/2T−1
∑

t

[N−1T−1/2δ−1
NT

∑
k,u

Fu(m1)εktεkt]2

1/2

(
N−1

∑
i

[T−1/2
∑

s

Fs(m2)εis]

)

All objects within brackets are Op(1), therefore all objects within parentheses are Op(1) and it follows that
4.III is Op(N−1/2T−1δ−1

NT ). These terms dictate the item’s order, and therefore Item 4 is Op(T−1δ−2
NT ).

Item 5 is K×M and follows from the above arguments by substituting wt(m2) for Ft(m2); Item 6 is M ×M
and follows from Item 5 by substituting ws(m1) for Fs(m1).

QED
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